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Political redistricting in the United States is the process of drawing congressional and state legislative
district boundaries. This work introduces the bisection protocol, a two-player zero-sum extensive-form game
motivated by political redistricting in which two players alternately divide pieces of a region in half (up
to rounding) to obtain a district plan. A subgame perfect Nash equilibrium is presented for the protocol
in a relaxed continuous nongeometric (CN) setting, and a recurrence is given for the optimal strategies.
The bisection protocol is compared to the recently proposed I-cut-you-freeze protocol across a variety of
standard fairness metrics. A hardness result is presented for the bisection protocol in the more realistic
discrete geometric setting, along with exact equilibrium strategies for small grid graphs. Since equilibrium
computation is intractable for practical instances, heuristics are developed for both protocols which model
players’ drawing strategies as mixed-integer linear programs. When the heuristics are applied to congressional
redistricting in Iowa with counties preserved, both protocols produce district plans that are fairer (according
to three popular metrics) than Iowa’s 115th congressional districts. Finally, the bisection heuristic is used to
generate congressional district plans from census tracts for 18 states, demonstrating its potential for practical

use.
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1. Introduction

Legislative bodies in the United States must draw electoral district boundaries for state and federal
elections every ten years in response to new census data, a process referred to as redistricting.
Gerrymandering is the manipulation of district boundaries for political advantage, a term coined in
1812 when Massachusetts governor Elbridge Gerry approved a district plan featuring a salamander-
shaped district (Davis 2017). Gerrymandering typically takes one or both of two forms: packing,
the creation of some districts in which the opposing party wins by a large margin (and hence wastes
surplus votes), or cracking, in which the opposing party’s voters are divided across many districts to
be wasted in lost elections. Several gerrymandering court cases, including Gill v. Whitford, Rucho

v. Common Cause, and Lamone v. Benisek, highlight the potential value for mathematical insights



into the redistricting process. Judges may use these insights to decide fairly whether district plans
are gerrymandered, potentially leading states to consider changing their redistricting procedures.

Since the 1960’s, many algorithmic approaches to political redistricting have been proposed,
many of which attempt to optimize nonpartisan objectives such as population balance, compact-
ness, and contiguity (Ricca et al. 2013). However, political geography may lead to partisan bias
even when objectives are not explicitly political (Chen and Rodden 2013); for example, maximizing
compactness tends to disadvantage Democrats in states where their voters are heavily concentrated
in cities. Recent approaches have therefore considered objectives that explicitly incorporate the
partisan leanings of districts. These recent attempts to combat gerrymandering generally fall into
three main categories: the design of redistricting games, or protocols, with theoretical guarantees
for certain fairness metrics (e.g., Landau et al. 2009, Pegden et al. 2017, Tucker-Foltz 2019); the
optimization of district plans with objectives such as compactness, population balance, and partisan
fairness measures (Liu et al. 2016, Cohen-Addad et al. 2018, Levin and Friedler 2019, Gurnee and
Shmoys 2021, Validi et al. 2021, Validi and Buchanan 2021, Swamy et al. 2022); and the pursuit of
justiciable criteria for identifying gerrymandering (e.g., Grofman and King 2007, Stephanopoulos
and McGhee 2015, Duchin 2018, Ramachandran and Gold 2018). This paper contributes to the
first.

Three redistricting protocols with a game-theoretic fair division approach have been proposed.
Landau et al. (2009) proposes a redistricting protocol in which an independent third party (i.e., an
arbiter with no political motives) constructs a nested set of possible splits (i.e., partitions of the
state into two contiguous pieces) and, for each split, solicits preferences of which side each party
would rather draw. Assuming an additive utility function (e.g., number of districts controlled),
this protocol guarantees each party an average or better than average choice among the splits
offered, but its reliance on an impartial arbiter is a significant drawback in practice. Pegden et al.
(2017) introduces the I-cut-you-freeze (ICYF) redistricting protocol inspired by classical results
for cake-cutting problems. Players alternate between drawing the remaining district boundaries
and choosing one district to freeze. While this protocol avoids the need for an independent third
party, outcomes are not always symmetric, giving the starting player a substantial advantage in
some cases. Moreover, for an n-district state, the protocol requires n — 1 rounds of drawing district
plans and freezing one district, a considerable increase in communication when compared to one
party drawing the final plan. Tucker-Foltz (2019) proposes a cut-and-choose mechanism in which
one party draws a district plan and the other chooses the vote-share margin needed to win a
district; districts in which neither party wins are allocated by fair coin tosses. While the theoretical

equilibria give each party about the same proportion of seats as they have votes, legislatures and



the general public may balk at the suggestion of a party potentially losing a district in which they
have a simple majority.

This paper introduces the bisection protocol, in which two players (e.g., the Republican and
Democratic parties in the U.S.) alternately divide pieces of an n-district state in half (up to
rounding) until each piece has a 1/n fraction of the total population. Throughout this paper, a
piece is simply a nonempty (but not necessarily contiguous) subset of the state. The bisection
protocol avoids the need for an impartial arbiter (present in the Landau et al. (2009) protocol),
requires only O(logn) rounds (rather than O(n) in the ICYF protocol), and assigns seats using the
simple plurality rule (unlike the Tucker-Foltz (2019) protocol). The bisection and ICYF protocols
are compared using three fairness metrics: proportionality, the notion that seat-shares should match
vote-shares; efficiency gap, the difference between the number of wasted votes for each party; and
partisan symmetry, which loosely requires that party outcomes are symmetric with respect to vote-
share. Since optimal play of both protocols sometimes involves extreme packing, we constrain the
maximum district vote-share to 75% and show equivocal effects on fairness measures.

The relative merit of these and other fairness metrics has been debated (e.g., Lowenstein and
Steinberg 1985, Grofman 1985, Niemi 1985, Cain 1985, McDonald 2007, Chambers et al. 2017,
Cho 2017, Stephanopoulos and McGhee 2018), but these three are considered here based on past
discussions in U.S. Supreme Court cases. In Davis v. Bandemer, the Court ruled that partisan
gerrymandering claims are justiciable. However, the Court also upheld the Indiana district plan
in question, stating that “the mere lack of proportional representation will not be sufficient to
prove unconstitutional discrimination” (Davis 1986). In LULAC v. Perry, several Supreme Court
justices made comments suggesting partisan symmetry could possibly be one criterion in a general
test for resolving gerrymandering claims (Grofman and King 2007). In 2016, a U.S. District Court
used the efficiency gap measure introduced by Stephanopoulos and McGhee (2015) in ruling the
2011 Wisconsin district plan an unconstitutional partisan gerrymander, the first condemnation of
a district plan by a court in over 30 years (Bernstein and Duchin 2017). In June 2019, the Supreme
Court decided not to overturn district plans in North Carolina and Maryland, vacating lower court
decisions and remanding the cases gerrymandering question back to the state level. The majority
opinion held that “Partisan gerrymandering claims present political questions beyond the reach of
the federal courts” (Rucho v. Common Cause 2019). While the Supreme Court declines to establish
specific gerrymandering tests, individual states which do so may incorporate at least one of these
three fairness metrics.

The paper is organized as follows. Section 2 defines the bisection protocol and, in a relaxed

continuous nongeometric setting, finds a subgame perfect Nash equilibrium and player utilities



in the limit as the number of districts goes to infinity. Section 3 analyzes the more realistic dis-
crete geometric setting, establishing a hardness result, studying optimal strategies on small grid
instances, and discussing feasibility issues. Section 4 implements heuristic drawing strategies for
the bisection and ICYF protocols using mixed integer program formulations and applies them to
congressional redistricting in 18 states, including a detailed case study for Iowa (n =4 districts).
Section 5 addresses limitations of the computational experiments and the bisection protocol more
broadly. Section 6 provides concluding remarks and directions for future work. In the e-companion,
Appendix A expounds on the impact of the packing constraint described in Section 2.3. Appendix
B motivates the use of a cut-edge compactness objective in the bisection heuristic. Appendix C
provides details of the protocol heuristics applied to real-world redistricting instances, including

figures of all final district plans produced. Appendix D collects all proofs.

2. The Bisection Protocol

The bisection protocol is a two-player redistricting game similar to ICYF. For a state with n
districts, player 1 first partitions the state into two pieces with sufficient populations to comprise
[n/2] and [n/2] districts. Player 2 then divides each of these in half (up to rounding). Player 1 then
divides each of the four pieces created by player 2 in half (up to rounding), and so on. A piece with
an appropriate population for a single district is a finalized district, and the process terminates
when all pieces are finalized districts. Figure 1 demonstrates how the eight congressional districts of
Wisconsin for 20132022 could be obtained via the bisection protocol. A similar recursive bisection
approach has been applied to graph partitioning before but with a single agent making each
bisection (Bichot and Siarry 2013, §1.9). Our bisection protocol may be viewed as a game-theoretic
variation of this canonical recursive bisection algorithm with redistricting-focused objectives. Levin
and Friedler (2019) propose a non-game-theoretic redistricting algorithm with a similar divide-
and-conquer structure. Algorithm 1 describes the bisection protocol at a high level and is similar
to Algorithm 1.2 of Bichot and Siarry (2013).

In a real-world redistricting instance, the input graph G has a vertex for each indivisible geo-
graphic unit (e.g., census block) and includes an edge between two units if they have a (nontrivial)
shared border. Vertices are weighted with the populations of the corresponding units, so the player-
controlled bisection step in Line 9 of Algorithm 1 must produce pieces with populations approxi-
mately proportional to the district counts (i.e., V; comprises approximately an a/m fraction of the
total population in H). Rather than directly analyzing the bisection protocol for the real-world
setting, the theoretical analysis in this section assumes the same continuous nongeometric (CN)
setting considered in Pegden et al. (2017) for the ICYF protocol, in which all citizens are voters,

districts need not be contiguous, and the population is continuous rather than discrete. Sections 3



Figure 1 The bisection protocol applied to Wisconsin.

(a) WI counties (b) Player 1 bisects (c) Player 2 bisects (d) Player 1 bisects

Note. The four panels illustrate how the eight-district plan of Wisconsin for 2013-2022 could be obtained via the
bisection protocol. Panel (a) shows the counties all in one piece at the beginning of the protocol. Panel (b) shows the
state partitioned into two pieces by player 1. Panel (c) shows each of the two pieces cut into two pieces by player 2.

Panel (d) shows each of the four pieces cut into two pieces again by player 1, which comprise the final district plan.

Algorithm 1: Bisection protocol for partitioning a graph into a set D of n districts

1 Algorithm BISECTIONPROTOCOL (graph G = (V, E), number of districts n € Z™)
2 D < RECURSIVEBISECT (G, n, 1)
3 return D

'y

Procedure RECURSIVEBISECT (subgraph H, number of districts m, player d € {1,2})
5 if m=1 then
| return {V(H)}

7 end

8 a<|m/2]

9 (V1,V,) < Player d bisects H into connected components of weights a and m —a
10 d<+3—d // Switch players
11 D, < RECURSIVEBISECT (H[V4], a, d)

12 Dy <+ RECURSIVEBISECT (H[V3], m —a, d)

13 return D, UD,

and 4 revisit the discrete geometric (DG), or graph-based, setting. Define the vote-share of player i
as the number of statewide votes for player ¢ divided by the average number of voters per district.
For a state with n districts, the vote-shares s; and s, for player 1 and player 2, respectively, satisfy
$1+ s2 =n. It will sometimes be convenient to refer to the normalized vote-share of player i, which
is the vote-share of player ¢ divided by the number of districts, so that the sum of the players’

normalized vote-shares is 1 rather than n.



In the CN setting, the district plan is fully characterized by a list D,, = [s1.1,51.2, -, 51.n), Where
s1,; €10,1] is the vote-share of player 1 in district ¢, and Y | s1; = s1. Player 1 wins district ¢ if
and only if s;; >1/2, (i.e., player 1 achieves a simple majority or the players are tied). Algorithm

2 describes the bisection protocol in the CN setting.

Algorithm 2: Bisection protocol for dividing statewide vote-shares into a list D of n district
vote-shares for the continuous nongeometric setting

1 Algorithm BISECTIONPROTOCOLCN (player 1 vote-share s;, number of districts n € Z™)
D + RECURSIVEBISECTCN (sy, n, 1)

3 return D
4 Procedure RECURSIVEBISECTCN (s;, m, player d)
5 if m=1 then
| return [s]
7 end

8 a4+ |m/2|
9 (s1,s%) « player d partitions s; into 0 < s} <a,0<s}<m—a
10 | D;+ RECURSIVEBISECTCN (si, a, 3—d)

11 D, + RECURSIVEBISECTCN (s7, m—a, 3—d)

12 return concatenate(D;, D,)

2.1. Optimal Strategies in the CN Setting

This section presents optimal strategies for players 1 and 2 in the bisection protocol for every
possible vote-share in the CN setting, assuming each player tries to maximize their seat-share.
These optimal strategies are applied in Line 9 of Algorithm 2. The following definitions of thresholds
and the protocol utility curve allow for the optimal strategies to be computed and evaluated.

DEFINITION 1. Consider the bisection protocol in the CN setting on n districts. Suppose player
1 goes first and wins any ties. For 1 < j <n, define the threshold t, ; as the minimum vote-share
needed by player 1 to win at least j districts under optimal play by both players. That is, player
1 wins at least j districts if and only if s; > ¢, ;. Define t,,, as 0 and ¢, ,+1 as n.

DEFINITION 2. For n € N, the protocol utility curve for the bisection protocol in the continuous
nongeometric setting is f,: [0,1] — [0,1], where f,,(v) =+ -max{j e N: 0<j <n,t,;/n<v} is the
normalized seat-share won by player 1 given normalized vote-share v.

In Definition 1, if ties are not broken in favor of player 1, then the inequality is strict (s; >, ;).
For simplicity, ties are always broken in favor of player 1, and player 1 always has the first turn.

Awarding ties to player 2 does not substantially change the results, since a small perturbation of



the vote-shares could ensure s; does not equal any threshold ¢, ;. Note that ¢, ,,41 is defined as n
only to simplify statements of lemmas and proofs; it is, of course, impossible to win n+ 1 districts
in a state with n districts. In Definition 2, ¢, ;/n represents the normalized vote-share threshold
needed to win the normalized seat-share j/n.

The protocol utility curve should be understood in relation to the standard definition of a seats-
votes curve for a district plan, which is an estimate of normalized seat-shares under hypothetical
elections as normalized vote-share varies across all districts from a given election (DeFord et al.
2021a). One way to obtain a seats-votes curve from a district plan is the uniform partisan swing
strategy. The observed seats and votes point (i.e., a particular election) is plotted first, and the
rest of the curve is estimated by uniformly adjusting the normalized vote-share across all districts
and observing the resulting normalized seat-share (Grofman and King 2007). Critically, the district
plan remains the same throughout this counterfactual analysis. In contrast, any two distinct points
on the protocol utility curve correspond to different executions of the protocol and may therefore
represent vastly different district plans.

Definitions 1 and 2 are first used in Lemma 1 to characterize the conditions under which player

1 can win all (s; >t,,) or none (s; <t, ) of the districts when n is a power of two.

LEMMA 1. Consider the bisection protocol in the CN setting on n districts. When n = 2" for

some r €N, the thresholds t,,; and t, , satisfy the system of recurrences

tn,l - tn,n = 1/2 fO'f’ n= 17
tnn =n—2t,/21, and

tn,l = n/2 - tn/2,n/2'

Furthermore, these recurrences have closed-form solutions

¢ = olr-1/21-1 _ Vn/2  ifris even
" V2n/4  otherwise

and

p _n_zwz]_lz{n—\/ﬁﬂ if v is even
o n—+/2n/2 otherwise.

The closed-form solution for ¢, ; in Lemma 1 captures the intuition that if player 1 wants to
win exactly one district in a state with n = 2" districts, then player 1 should keep as much of their
share in one piece as possible each time they bisect a piece. Throughout r rounds, player 2 has
[(r —1)/2] turns and can divide each of player 1’s separate vote-shares in half in each of those
rounds. For player 1 to win one of the final districts, player 1 must have at least a vote-share of 1/2

intact after the [(r —1)/2] divisions by 2 caused by player 2’s splits, and hence t,, ; = 2["=1D/21-1,



While closed-form expressions for ¢, ; are not known, Lemma 2 presents recurrences for the
thresholds.

LEMMA 2. Consider the bisection protocol in the CN setting on n districts. Let j e N, 0 < j <n.
If j=0, thent,;=0. Whenn=j=1,t,,;=1/2. Forn>2 and j > 1,

th;= kg}%) {(a —taa—kt1) + (b — tb,b—(j—k)-',—l) }

= min N —t4q_ —tpp_(i_ ,
keK(j){ ,a—k+1 b,b—(j k)-‘rl}

where a = |n/2] is the size of the smaller piece after the cut (side A), b= [n/2] is the size of the
larger piece (side B), and K(j) ={keN: 0<k<j0<k<a,0<j—k<b} is the set of permissible

seat-shares from the part of size a.

Lemma 2 allows for the protocol utility curve f,,, which is a step function with equal increments
of 1/n at the thresholds ¢, ;, to be computed via dynamic programming for any integer n. Figure
2 presents some examples of the protocol utility curves f,, with the perfectly proportional curve
f(v) =wv included for comparison. As an example of how to interpret the protocol utility curves,
consider f3 in Figure 2a. For n = 3, player 1 starts by cutting the state into a one-district piece
and a two-district piece. If player 1 starts with a normalized vote-share between 0 and t3,/3 =
(1/2)/3 =1/6, then player 1 cannot win a single district. However, if player 1 has a normalized
vote-share between 1/6 and 1/2, then player 1 can win the district in the one-district piece by
allocating a vote-share of at least 0.5 to that piece. By similar analysis, t3,=1/2 and ¢33 =2/3.

In Figure 2, the protocol utility curves appear to approach a straight line (i.e., perfect propor-

tionality) as n increases. Theorem 1 formalizes this convergence when n is a power of two.

THEOREM 1. Let f: [0,1] = [0,1] be given by f(v) =v. Then (for) -, converges uniformly to f.

The proof of Theorem 1 relies on the following lemma, which presents a closed-form solution

and optimal strategy for the recurrence of Lemma 2 for the special case when n is a power of two.

LEMMA 3. Consider the bisection protocol in the CN setting on n = 2" districts, r € N. Then

tno =0, and for all integers 1 <j <mn,

o0 ] - _ 1
bog=toi+ Y (21—2 BQHD . (1)
1=0

Furthermore, an optimal choice of the number of districts to win from one of the two pieces is

argmin{n — t,/2n/2- k1 — tnj2,n/2—(j—k)+175 (2)
kEK (5)

where K(j) is the set of permissible seat-shares from side A as defined in Lemma 2. If 1 <j<n/2,
then j is (one of ) the minimizer(s) in (2), and if n/2 < j <mn, then n/2 is the minimizer. These

choices form a subgame perfect Nash equilibrium.



Informally, the optimal strategy presented in Lemma 3 is: “When you divide a piece in half,
win all seats on one side, if possible, with as little vote-share as possible. If you cannot
win all seats on one side, then put all of your vote-share in one side.” However, this
strategy is sometimes suboptimal when n is not a power of two. Consider a player trying to win
j =4 of n =06 districts with a vote-share of ¢5 4 = 3. The region will be split into pieces of sizes 3
and 3. With a vote-share of 3 —t3, = 1.5, the player can win two districts in a piece of size 3, so
splitting a vote-share of 3 evenly wins four districts total. If the player instead follows the informal
version of the optimal strategy from Lemma 3, they win all three districts from one piece of size 3,
using 3 — 31 = 2.5 of their vote-share, but then they need an additional 3 —¢; 3 =1 vote-share to
win one district from the other piece of size 3, which is more than their remaining 0.5 vote-share.

While Theorem 1 proves convergence of the seats-votes curve to perfect proportionality only for
the special case where n must be a power of two, it is conjectured that the convergence holds even
if non-powers of two are included. Even if the convergence does not hold for non-powers of two,
the subgame perfect Nash equilibrium of Lemma 3 is interesting in its own right, as the optimal
strategies lead players to pack themselves in one side. This self-packing keeps their vote-shares
consolidated to avoid falling victim to cracking by their opponent in later rounds. Furthermore, by

self-packing in one side, the player implicitly packs their opponent in the other side.

Figure 2 Examples of protocol utility curves for the bisection protocol.

(a) n=2,3 (b) n=4,5
1 ‘ 1 ‘
o o I
z 5 l
= S = s
Q0.5 - * Q0.5 .
B S z o
<5} <5}
9] 1 N Bl i
— f £} — A
: g = —
A e fv)=v R fv) =v
0ok ) ! | oL ) | |
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
Vote-Share Vote-Share

Note. Panels (a) and (b) display protocol utility curves for the bisection protocol in the CN setting for (a) n=2,3
and (b) n =4,5 districts. Both panels include the line f(v) = v (perfect proportionality) for reference. The vote-share

and seat-share axes are normalized to [0, 1].
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2.2. Protocol Fairness Comparisons
This section compares the bisection and ICYF protocols using the fairness metrics of proportional-
ity, efficiency gap, and partisan symmetry. Pegden et al. (2017) comments on the visual symmetry
of ICYF but does not quantify the partisan asymmetry as defined in political science (see Defi-
nition 5), likely because the authors emphasize the qualitative improvement in the symmetry of
the protocol utility curve compared to that of the one-player-draws protocol. However, a direct
comparison between the bisection and ICYF protocols requires quantitative assessments, which all
three selected fairness metrics provide. We first formally define the fairness metrics in the context
of a two-party election, beginning with the Sainte-Lagué index of disproportionality.

DEFINITION 3. Consider an n-district plan in which player 1 has normalized vote-share v; € [0, 1]
and normalized seat-share s; € [0, 1]. The Sainte-Lagué (SL) index of disproportionality is
(s1—1)? n (I—s1—(1—-w))*

SL(Ul,Sl): L 1—’[}1
(31—?)1)2 (U1—31)2
- 3
L P (3)

assuming 0 < v; < 1. By definition, SL(0,0) and SL(1,1) are zero. Otherwise (v; =0 or 1 but s; #
v1), SL(vy, 1) = 0o; this scenario is only hypothetical, and cannot occur in a practical districting
scenario.

Definition 3 is adapted from Gallagher (1991), which describes the SL index as “the soundest of
all the [disproportionality] measures.” Further studies confirm its strength and robustness (Pennisi
1998, Goldenberg and Fisher 2019). The SL index bears a resemblance to Pearson’s x? statistic
and can be viewed as a goodness of fit measure against the baseline of perfect proportionality
(Goldenberg and Fisher 2019).

The second fairness metric is the efficiency gap, which is “the difference between the parties’
respective wasted votes, divided by the total number of votes cast in the election” (Stephanopoulos
and McGhee 2015). A party’s wasted votes include all votes in a lost district and any votes beyond
50% in a won district. The efficiency gap is positive (negative) when player 1 (2) wastes more votes,
and its magnitude never exceeds 0.5 (i.e., 50% of votes).

DEFINITION 4. Consider an n-district plan D,, = [s1.1,81.2, .-, 51.0], Where s1; € [0,1] is the vote-
share of player 1 in district i. For A € {1,2} and i € [n], define w4 ; to be the total wasted vote-share

of player A,

51)1'—1/2 lf$1)121/2
Wy, = .
5 51, otherwise,

with ws; computed analogously. The efficiency gap of the district plan is then

EG(D,) = % (Z(wu) - me) . (4)

i=1 i=1
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The third, and most involved, fairness metric is partisan asymmetry, which measures the degree
to which seat-share outcomes for the two parties are asymmetric with respect to vote-share. The
following definition is adapted from the partisan Gini score of Grofman (1983). We refer the reader
to Section 2.1 and DeFord et al. (2021a) for details regarding the seats-votes curve and uniform
partisan swing.

DEFINITION 5. Suppose D,, = [$1.1,81,2,--.,51.,) is the sorted list of player 1 vote-shares in each
district resulting from some protocol. The total player 1 vote-share is s; =), s1;, and the normal-
ized vote-share of player 1 is s;/n. Let g: [0,1] — [0,1] be the (uniform partisan swing) seats-votes
curve of player 1 constructed from D,,. The seats-votes curve for player 2 is then 1 — g(1 —v).

The partisan asymmetry of the district plan is the area between the seats-votes curves for the

two players,

PA(g) = / 19(0) — (1 — g(1 —))do. (5)

The definition of partisan asymmetry in (5) is agnostic to which player is labeled player 1 and
summarizes the asymmetry of the district plan across all possible vote-shares. When n is finite, g
is a step function, reducing the integral in (5) to a straightforward sum of rectangular areas.

Note that computing partisan asymmetry requires counterfactual analysis (i.e., election outcomes
following a hypothetical uniform partisan swing) to produce the seats-votes curve, whereas the
SL index and efficiency gap follow directly from the list of district vote-shares. Hence the SL
index and efficiency gap are computed from a fixed district plan produced by a protocol, but
partisan asymmetry is computed from a seats-votes curve representing a hypothetical variety of
plans derived from the protocol-produced district plan.

To compare the fairness of the bisection and ICYF protocols, we compute all three metrics for the
district plans produced by each protocol, varying v, € {40%,41%,...,60%} and n € {1,2,...,150}.
This range for n covers not only all congressional apportionments (up to 52 districts) but also most
state legislative district counts.

The bisection protocol generally achieves a fairer SL index at equilibrium than does ICYF in
the CN setting. Figure 3 presents heat maps of the SL indices for each vote-share and district
count considered. Both protocols tend to produce more proportional district plans as the number
of districts increases. On one hand, the SL index for bisection appears more volatile than that of
ICYF, especially near odd powers of two (2, 8, 32, 128, etc.) for which player 1 gets a full extra turn
in the bisection protocol. On the other hand, the SL index for ICYF stratifies based on normalized
vote-share, with greater deviations from 50% producing less proportional plans, whereas the SL

index for bisection is often below 1% for all normalized vote-shares considered. Furthermore, the
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limiting protocol utility curve of the bisection protocol stated in Theorem 1 for n being a power of
two achieves an SL index of zero for all normalized vote-shares. By contrast, the limiting protocol
utility curve of ICYF is not linear but piecewise-quadratic (see Theorem 2.3 of Pegden et al. 2017),

resulting in higher SL indices further from 50% normalized vote-share.

Figure 3 The Sainte-Lagué index of disproportionality for the bisection and I-cut-you-freeze protocols.

(a) Bisection (b) I-cut-you-freeze
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Note. Panels (a) and (b) plot the Sainte-Lagué index for 1-150 districts and normalized vote-shares from 40% to
60% resulting from the (a) bisection and (b) I-cut-you-freeze protocols in the CN setting.

Figure 4 gives heat maps of efficiency gap as a function of normalized vote-share and number of
districts for the bisection and ICYF protocols. For both protocols, results for n < 10 districts align
with previous studies suggesting the efficiency gap is volatile and counterintuitive when the number
of districts is small (Cho 2017). Based on a historical analysis of U.S. congressional and state house
district plans, Stephanopoulos and McGhee (2015) recommend using £8% as the threshold for
claiming a district plan contains excessive partisan bias. Hence Figure 4 distinguishes +4% and
+8% from more extreme efficiency gap values.

In the CN setting considered, (4) generally yields fairer (smaller magnitude) efficiency gap values
for ICYF than for the bisection protocol. Above 15 districts, ICYF achieves efficiency gaps between
+8% for all normalized vote-shares considered. In contrast, bisection generally stays within the
desired efficiency gap range for 45%-55% normalized vote-share, but often produces high-magnitude
efficiency gaps for 40% and 60% normalized vote-share. For both protocols, efficiency gap correlates
with normalized vote-share, which means the stronger player tends to waste more votes.

Figure 5 offers partisan asymmetry heat maps for the bisection and ICYF protocols. ICYF

achieves lower partisan asymmetry, as formulated in Definition 5, than the bisection protocol for
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Figure 4  The efficiency gap of the bisection and I-cut-you-freeze protocols.
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Note. Panels (a) and (b) present the efficiency gap plots for 1-150 districts and 40%-60% normalized vote-shares

resulting from the (a) bisection and (b) I-cut-you-freeze protocols in the CN setting.

most district counts of interest in the United States (1-53 congressional districts, 30+ state house
districts). Both protocols tend to produce more symmetric district plans when the initial normalized
vote-share is closer to 50%. For a given normalized vote-share deviation from 50%, bisection tends
to produce more symmetric plans when player 1 is the minority (Fig. 5a). In this regard, ICYF
seems less sensitive to which player goes first; for sufficiently many districts, partisan asymmetry

scores correlate with the absolute value of the normalized vote-share deviation from 50% (Fig. 5b).

2.3. Impact of a Packing Constraint

Optimal play in both protocols sometimes requires a player to completely pack a district with their
opponent’s voters. This is likely impossible in practice due to the political geography of the state.
One straightforward way to approximate the effect of political geography is to impose a packing
constraint on the district plan in the form of an upper bound § on the maximum vote-share margin
in a district. Each s;,; in the list D, must then lie in the interval [0.5 — §,0.5 + 0]. Call § the
packing parameter. The packing parameter seeks to capture both implicit packing limits imposed by
political geography and potential explicit constraints imposed by legislatures. The ICYF protocol
utility curve with no packing constraint, given by Theorem 2.3 of Pegden et al. (2017), is

202 ifo0<w

’ 6
1-2(1—-v)? ifl<w (6)

fICYF ( U) {

Theorem 2 shows how the unrestricted protocol utility curves for both bisection and ICYF change

in an environment where packing is limited based on .
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Figure 5 The partisan asymmetry of the bisection and I-cut-you-freeze protocols.
(a) Bisection (b) I-cut-you-freeze

0.40 0.40

60% -
59% -
57% -

60%
59%
57%

56% - 0.20 56% - 0.20

56% - 56% -

55% - 55% -

54% - 54% -
& 53% - o.1o§ @ 53% - 0 105
< 52% - |||/ 1} g G 52% - g
%51%— | | E %51%— E
S 50%- ||| | | | 0.05 2 S 50% - 0.05 %
5 4% Ml { {0 T AT T 5 % 49%- 5
z48%- M| i - £ & 48%- =
@ a7% I 002 T a7%- &

priegl 0.02

45% -
44% -
-0.01 43% -
42% -
41% -

46%
45%
44%
43% -
42% -
41% -
40% 1 40% 1

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

No. Districts No. Districts

-0.01

Note. Panels (a) and (b) plot the partisan asymmetry for district plans produced by the (a) bisection and (b)

I-cut-you-freeze protocols in the CN setting for 1-150 districts and normalized vote-shares from 40% to 60%.

THEOREM 2. Let d € (0,0.5), y=0.5—10, and o € [y,1—7]. In the bisection protocol with packing
parameter § and n a power of two, the seat-share won by player 1 with a normalized vote-share of

a obeys the limiting distribution

. a—
Jim fore) = T

In ICYF with packing parameter 6 and arbitrary n, the seat-share won by player 1 with a normalized

vote-share of o obeys the limiting distribution

N[

2
lim o(n,an) _ 2<1a__27y) Jory<a<

2
n=—oo n 1—2(1—({1:21)) for%<oz§1—'y,

where o(n,s) denotes the number of seats won by player 1 under optimum play of ICYF with n

districts and player 1 vote-share s.

Theorem 2 demonstrates that the packing constraint essentially compresses the protocol utility
curve horizontally, reducing its domain from [0, 1] to [0.5—6,0.546]. This compression also impacts
all three fairness measures, and this impact can differ between the bisection and ICYF protocols.
For example, adding the packing constraint with parameter § =0.25 (chosen based on real-world
congressional district margins, as discussed in Appendix A) has the following impacts on the
fairness measures:

e worsens the proportionality of both protocols by horizontally compressing the seats-votes

curve, maintaining an advantage for the bisection protocol;
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e improves (worsens) the efficiency gap of the bisection (ICYF) protocol, changing the advantage
from ICYF to the bisection protocol; and
e worsens the partisan asymmetry of both protocols, maintaining an advantage for ICYF.

Appendix A illustrates these effects with heat maps comparable to Figures 3-5.

3. Bisection in the Discrete Geometric Setting

The protocol fairness comparisons in Section 2.2 ignore the real-world constraints of contiguous
districts, discrete voter populations, and political geography. This section considers the discrete
geometric (DG) setting, in which districts are connected components of a graph whose vertices
represent indivisible units with discrete populations and fixed vote counts for each party. Section
3.1 formalizes the DG setting. Section 3.2 partially characterizes the subgame perfect Nash equi-
libria. Section 3.3 considers the bisection protocol on the restricted class of grid graphs. Section
3.4 discusses feasibility concerns. Section 3.5 summarizes key insights from the DG setting and

motivates the MIP-based heuristics of Section 4.

3.1. Definitions and Notation

Recall from Algorithm 1 that the bisection protocol in the DG setting takes as input a positive
integer n of required districts and an undirected, simple graph G = (V, E), where V represents
the set of indivisible geographic units, and ij € E if and only if units ¢ and j share at least one
boundary of nonzero length. In other words, the input graph G is the dual graph of the region’s unit
boundaries. To achieve (approximate) population balance, each i € V' is weighted with its unit’s
population p;. We also associate with each unit the vote counts v, ; for player 1 and v, ; for player 2,
which one may estimate from past elections. A player’s normalized vote-share is simply the sum of
their vote counts in every unit divided by the total number of votes. For each unit ¢, v1 ; +v2; < p;,
and equality holds in the rare case that all residents are eligible, active voters. Note p;, vy ;, and vy ;
are nonnegative and can be nonintegral when derived from statistical estimates or (dis)aggregation.
For brevity, let p(S) =, .sp: denote the combined population for any S C V. A district plan
with n districts is a partition D ={D;}7_; of V, where each D; induces a (nonempty) connected
component in G. A district plan is balanced if and only if each district’s total population is within
the closed interval [P(1—7), P(1+7)], where P = (3, pi)/n is the mean district population
and 7 > 0 is the maximum allowable deviation from the ideal. For example, 7 =0.03 for Montana’s
state house and senate districts, requiring each district’s population to fall within 3% of the mean
(Montana Districting and Apportionment Commission 2010). To enforce population balance with a
threshold of 7 in the final districts, the bisection returned by player d in Line 9 of Algorithm 1 must
satisfy [p(V1) — aP| <arP and |p(V2) — (m — a) P| < (m — a)7P. This requirement is necessary but

not sufficient, because imbalanced unit populations or the structure of the piece could prevent



16

a balanced bisection in the next round. Section 3.4 further discusses these and other feasibility

concerns.

3.2. In Search of Equilibria

The bisection protocol applied to the DG setting is a perfect information finite extensive-form game,
so it is guaranteed to have a subgame perfect Nash equilibrium by backward induction (Osborne
2004). At each decision point (node) in the game tree, however, the current player may have
exponentially many actions (feasible partitions) from which to choose. Naive backward induction
on the game tree is therefore intractable for even moderately-sized instances (tens of units, four
districts). But could the optimal strategies be specified in a general manner that avoids enumerating
best responses to every feasible bisection in the previous round? Unlikely. As Theorem 3 states, it
is NP-complete to determine whether the vote counts can be evenly split with a bisection, even for
a restricted class of graphs. Such a balanced bisection would be an optimal strategy when n =2
and the player with greater vote-share is cutting, since having the same vote-share in each of the
two districts would give them both seats. Not only is it NP-complete to determine whether such a
basic strategy can be implemented, but also Chataigner et al. (2007) establish inapproximability
results for maximizing balance when partitioning a 2-connected graph into two connected parts.

Hence there is little hope for computing a subgame perfect Nash equilibrium in polynomial time.

THEOREM 3. Let G = (V,E) be an undirected graph with vertex weights w:V — Rsq and vertex
populations p:V — Rxq. For a vertex subset S, define w(S) =75 _csw(v) and p(S) =73 _sp(v).
Let BALANCEDBISECTION be the problem of deciding whether G admits a bisection (connected
2-partition) into components Dy, Dy such that w(D,) = w(D;y) and p(D;) = p(D,). The problem

BALANCEDBISECTION for 3 x M grid graphs is NP-complete.

The proof of Theorem 3 provided in the e-companion is nearly identical to the proof of Theorem

1.1 in Becker et al. (1998) for a similar problem.

3.3. Optimal Bisection for Small Grids
Since computing a subgame perfect Nash equilibrium directly from the full game tree is generally
intractable, we find optimal bisection strategies for small grid graphs and compare the results to
those predicted by the CN setting. How closely will the optimal strategies for these DG instances
resemble those of the corresponding CN instance? The answer depends on the spatial distribution
of voters, as the following examples illustrate.

Figure 6 presents 4 x 6 and 6 x 6 grid graphs with three hypothetical spatial voter distributions:
one large metropolitan area on the western border (1m), a symmetric north/south split (ns), and

two medium cities in opposite corners (oc). Each unit has the same population and is fully for
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Figure 6 Examples of two-party spatial distributions of voters for small grid graphs.

4x6 1m 4x6_ns 4x6 _oc 6x6 1m 6X6_ns 6x6 oc

one party or the other. All six instances have 50% normalized vote-share. We consider partitioning

these instances into n =4 or n = 6 districts with perfect population balance.

For such small grid graphs, enumeration of all district plans is tractable. We generate all possible
partitions of the 4 x 6 and 6 x 6 grid graphs into n =4 or n =6 districts using the enumerator tool
(Schutzman 2019). The 4 x 6 grid has 2,369 four-district plans and 2,003 six-district plans. There
are far more partitions of the 6 x 6 grid: 442,791 four-district plans and 451,206 six-district plans.

For each party and each instance, we find a sequence of optimal bisections by a recursive branch-
and-bound algorithm with memoization of maximum utilities for particular subgraphs. The search
for optimal bisections with n =4 or n =6 takes 1-11 seconds for the 4 x 6 instances and 49-8,379
seconds (over two hours) for the 6 x 6 instances, running on a personal machine at 1.6 GHz with
an Intel Core 15-8250U CPU, using a single core.

Table 1 presents the outcomes under optimal play for these six instances in the DG setting, as
well as their CN counterparts computed using Lemma 2. A table entry of “3D, 1T, 2R” indicates
three wins for party D, one tie, and two wins for party R. (Note the 6 x 6 grid with n =4 precludes
ties, since each district has 9 units.) For n =4 districts, the DG setting gives an advantage to the
first player that was not present in the CN setting. This phenomenon is symmetric for all instances
but 4x6_oc, in which D can win three districts when given the first turn, but R has to settle for

two wins and one tie.

Table 1 Equilibrium utilities for the bisection protocol on small grid
instances.
Settine Instance n =4 Districts n =6 Districts
& D first R first D first R first
CN —  |2D,2R  2R,2D | 4D, 2R 4R, 2D

4x61m | 3D, 1R 3R, 1D |3D, 1T, 2R 3R, 1T, 2D
4x6ns |3D,1R 3R, 1D |3D, 1T, 2R 3R, 1T, 2D
4x6_0c |3D,1R 2R, 1T, 1D |3D, IT,2R 4R, 2D
6x6.1m | 3D, 1R 3R, 1D 4D, 2R 4R, 2D
6x6ns | 3D, 1R 3R, 1D 4D, 2R 4R, 2D
6x6.0c | 3D, 1R 3R, 1D 4D, 2R 4R, 2D

DG
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For n =6 districts, all three 6 x 6 instances align with the CN setting outcome: four districts for
the first player, two for the second. (Recall ties go to the first player.) The 4 x 6 instances mostly
agree on three first-player wins, one tie, and two second-player wins. The only exception is, again,
the 4x6_oc instance, for which when R goes first, they can win a fourth district. Paradoxically,
this voter distribution gives D a greater first-player advantage when n =4 but gives R a greater
first-player advantage when n = 6. These differences stem from the extent to which R can pack D
voters, concentrated in opposite corners, into forced districts.

Differences in equilibrium utilities between the CN and DG settings flow from differences in
optimal bisection strategies. Table 2 presents the optimal first-round bisection vote-shares for each
instance. Recall vote-shares are scaled so that each district population is 1. The core tactics from
the CN setting, such as winning as many districts as possible from one piece, carry over to the
DG setting, but the details vary. For instance, when n =4 in the CN setting with 50% normalized
vote-shares, the first player must allocate 1.5 vote-share to one piece to guarantee winning both
districts. In the corresponding DG instances, the structure of the grid graph allows the first player
to spend less vote-share in one piece but still win both districts; the excess vote-share translates
to an extra win or tie in the other piece. Similarly, when n = 6, the CN setting calls for a balanced
first-round bisection, which guarantees two wins from each side since ties are awarded to the first
player. In the corresponding DG instances, the optimal first-round bisection at times follows the
balanced CN strategy but at other times packs the opponent into one piece while still carving out

a win or tie. The precise vote-share split varies depending on the spatial voter distribution.

Table 2 Optimal first-round bisections, expressed as first-player vote-shares in each piece.
. . N n =4 Districts n =6 Districts
Setting Spatial Voter Distribution D first R first D st R first
CN o | 1.5, 0.5 1.5, 0.5 | 1.5, 1.5 1.5, 1.5
4x6_1m 1.33, 0.67 1.33, 0.67|2.25,0.75 1.5, 1.5
4x6_ns 1.33, 0.67 1.33, 0.67 | 2.5,0.5 2.25,0.75
DG 4x6_oc 1.33, 0.67 1.17,0.83| 1.5, 1.5 1.5, 1.5
6x6_1m 1.22,0.78 1.33, 0.67 | 2.17, 0.83 1.67, 1.33
6x6.ns 1.33, 0.67 1.44, 0.56 | 2.33, 0.67 1.67, 1.33
6x6_oc 1.33, 0.67 1.11, 0.89 2,1 1.5, 1.5

In summary, the small grid results show the DG setting can increase or maintain bisection’s

first-player advantage, depending on the spatial voter distribution and number of districts.

3.4. Feasibility Issues
In the CN setting, the bisection protocol has two desirable properties: (1) every possible district plan

can be reached, and (2) for any sequence of strategies, the current player has at least one available
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strategy. In the DG setting, however, the bisection protocol retains neither property. These issues
persist even for grid graphs with equipopulous units. Figure 7 demonstrates both an unreachable
district plan (Fig. 7a) and a first-player bisection in an eight-district instance that makes the second
player’s task impossible (Fig. 7b). The four-district plan in Figure 7a is unreachable because no
matter which district is in the same piece as district 3 after the first bisection, the other two
districts will be disconnected. The first-round bisection in Figure 7b produces a claw-shaped piece,
side 1, that player 2 cannot evenly bisect. There is, however, a district plan (thick lines) compatible

with the initial bisection, so a compatible full district plan does not suffice to prove feasibility.

Figure 7 Examples of bisection feasibility issues.

(b) No available strategies in second round

(a) Unreachable district plan

Heterogeneous unit populations further complicate feasibility, as mentioned at the end of Section
3.1. For example, if a two-district piece induces a path with relative unit populations 1-3-7-5-3-1,
and the ideal district population is 10, then the best possible population deviation is £10%. In
practice, units with large populations may be split to resolve such issues, but this increases the
problem size and may divide municipalities or other communities of interest.

While Figure 7a shows not every balanced district plan is reachable via the bisection protocol,
all four-district and six-district plans for the 4 x 6 and 6 x 6 grids are reachable. The problem
of determining whether a plan is reachable reduces to a property of the plan’s district adjacency
graph, in which nodes represent districts and edges indicate shared district borders. A district
adjacency graph H with n = 2" nodes, for some r € N, can be reached via bisection if and only if
H can be reduced to a single node by repeatedly finding a perfect matching and contracting its
edges. Intuitively, this process reconstructs the pieces from each round of the bisection protocol;
an edge in a matching joins two sides of a bisection. A thorough characterization of the graphs

which admit such a recursive perfect matching is an open problem beyond the scope of this paper.
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3.5. Key Insights for the Discrete Geometric Setting

Moving to the DG setting from the CN setting limits the ways in which units can be mixed and
matched into pieces, complicating the search for equilibria. Finding optimal bisections in the DG
setting is related to the balanced connected partitioning problem, for which there are many known
hardness and inapproximability results. Naive backward induction on the game tree is impractical,
but an enumerative branch-and-bound algorithm can solve the bisection protocol on 4 x 6 and
6 x 6 grid graphs with n =4,6 districts. Results for such instances with three hypothetical voter
distributions highlight the impact of political geography on first-player advantage.

Although enumeration is tractable for the small grid instances considered in Section 3.3, the num-
ber of possible partitions explodes as the grid size increases. For example, there are 187,497,290,034
partitions of the 8 x 8 grid into 8 parts (OEIS Foundation Inc. 2022). We therefore turn to heuris-
tics in Section 4 to study the bisection and ICYF protocols on U.S. congressional redistricting
instances with hundreds to thousands of units. The feasibility concerns raised in Section 3.4 must

also be addressed for these real-world instances.

4. Toward Practical Implementations

For small DG instances such as the grids studied in Section 3, one may efficiently compute equi-
librium bisection strategies by implicit enumeration of the game tree. But when the input graph
is too large for exact equilibrium computation, how should the players bisect on their turns? This
section provides heuristic strategies for both the bisection (Section 4.1) and ICYF (Section 4.3)
protocols. Section 4.2 compares the strategies and outcomes of the bisection heuristic applied to
the grid instances of Section 3.3 against the exact equilibria. Section 4.4 applies the bisection and
ICYF heuristics to a congressional redistricting instance in Iowa with a detailed case study on the
heuristic strategies. Finally, Section 4.5 demonstrates the scalability of the bisection heuristic by

applying it to larger congressional redistricting instances in 18 states.

4.1. Discrete Geometric Bisection Heuristic
The bisection heuristic for the DG setting is motivated by the game tree of the bisection protocol
in the CN setting. If a player had unlimited time and computational resources, they could build
the entire DG game tree, then pick the bisection that gives them the most districts in each of their
turns, assuming their opponent’s play is optimal. As shown in Section 3.3, implicit enumeration
of the game tree can take over two hours for a small 6 x 6 grid. Consequently, even the smallest
practical instances are unlikely to be tractable using an implicit enumeration approach.

Rather than attempting to look ahead at future rounds, the bisection heuristic replicates the
vote-share allocation strategy in the CN setting, which essentially packs the opponents voters’ into

one piece, and cracks their voters in the other piece. The choice to imitate the CN vote-share
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allocation is motivated by the similarity between the CN and DG optimal first-round bisections in
the small grid instances (as summarized in Table 2).

Furthermore, preliminary investigations (see Appendix B in the e-companion) revealed that
when the physical shapes of the bisected pieces are not compact, or round-shaped, there may
not be feasible bisections in future rounds, as previously depicted in Figure 7b. To prevent such
infeasibility, the bisection heuristic finds the most compact bisection that achieves the target vote-
shares from the CN setting in the two pieces. There are many ways to quantify compactness (Duchin
and Tenner 2020); we choose to minimize the number of cut-edges, that is, edges whose end points
are in different pieces. The cut-edge compactness measure is a popular discrete compactness score
that agrees well with visual intuition (Validi and Buchanan 2021, DeFord et al. 2021b). Note the
compactness objective might unintentionally bias the pieces in favor of a party whose spatial voter
distribution benefits from compact pieces (Chen and Rodden 2013).

The remainder of this section explains how the heuristic determines the target vote-shares and
finds a bisection. In a given call to RECURSIVEBISECT in Algorithm 1, player d € {1,2} receives
a subgraph H C G to be divided into two parts totaling m € [n] districts (e.g., in the first round,
d=1, H=G, and m =n.) Recall from Section 3.1 that each unit i € V/(H) has population p; and
player vote counts vy ;, ve;. Let ¢ =3 — d denote the other player’s index, and let v (H) =m -
(ZieV(H) vdﬂ-) / (ZieV(H) (va; + UW-)) denote the total vote-share in H for player d. By Definition
1, the maximum number of districts that player d can win in the CN setting with vote-share vy (H)
is given by

Jr=argmax{t,, ; tm,,; <vs(H)}. (7)

j€[m]

Player d wins j* districts in the CN setting by winning £* districts from the piece of size a and
j* —k* districts from the piece of size b, where k* is the argmin of the recursive threshold definition
in Lemma 2. Hence, when applying the CN strategy in the DG setting, player d targets vote-shares
of vi=a—1,4-k++1 and vg =b—typ—(j*—r*)41 i the pieces of sizes a and b, respectively, expecting
to win j* districts total. It is possible that the structure of the graph and the distribution of vote
counts in its units allow player d to win more than j* districts (e.g., if vy; > v4, in every unit i,
then player d will win every district), but in this heuristic, player d pessimistically assumes that j*
is an upper bound on the number of districts they can hope to win in the DG setting. This sacrifice
is necessary to avoid the computationally expensive task of looking ahead in the DG game tree.

If player d begins with a total vote-share of at least v% + vY, then splitting the vote-share into
v% and v} is always feasible in the CN setting and yields j* districts. In the DG setting, however,
such a split may not be feasible. To address this, a feasibility mixed-integer program (MIP) named

Bisection is designed to check whether there exists a feasible bisection with at least v in the side
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of size a and v} in the side of size b. If the MIP is infeasible, then j* is iteratively decremented by 1
until the MIP yields a feasible solution. This assumes that player d will, upon realizing they cannot
win j* districts, attempt to win one fewer. Note that ties go to the drawing player throughout
this section. In contrast, the CN setting awards ties to the first player. Algorithm 3 describes this

bisection heuristic to be used in Line 9 of Algorithm 1.

Algorithm 3: Bisection protocol for the discrete geometric setting implementing Line 9 of
Algorithm 1

Algorithm Bisect (H, m, d)
Compute j*, k* using CN thresholds (Lemma 2) and Equation (7)

N =

3 while Bisection(H,m, j*, k*,d) is infeasible do

4 jregr—1
Recompute £* using Lemma 2
6 end
7 return feasible solution of Bisection(H,m,j*,k*,d) as vertex sets Vi, V;

We now define the Bisection(H,m, j*,k*,d) feasibility MIP. Let P, := (a/m) - (X iev ) Pi) be
the ideal total population of the piece of size a (i.e., p(V1)). To support flow-based contiguity
constraints adapted from Shirabe (2009), let H= (V(H), ﬁ(H)) be a bidirected version of H (i.e.,
E- Upoer LU, v0}), and let Ny (i):={j € V(H):ij € E(H)} be the neighbors of unit ¢ in H.

The variables for the MIP are

e the assignment indicators z; =1 if and only if ¢ € V/(H) is assigned to V; (otherwise, i is in

Va),
e the cut-edge indicators y;; =1 for ij € E(H) if and only if exactly one endpoint is assigned to
Vi,

e the flows gF, = amount of directional flow on edge ij € E(H ) for piece k € {1,2} (adapted

from Shirabe (2009)) and

e the sink indicators f;, =1 if and only if i € V(H) is the sink for piece k € {1,2} (adapted

from Shirabe (2009)).
The z variables fully determine V; ={i € V(H): 2z, =1} and Vo ={i € V(H) :2; =0}, which are
returned at the end of Algorithm 3 if a feasible solution is found. The y variables are used in
formulating the compactness objective which minimizes the number of cut-edges. The flow and
sink variables enforce contiguity by directing at least one unit of flow from each unit in a district
to its district’s sink through other units in the district; see Shirabe (2009) for details. The program
Bisection(H, m, j*,k*,d) is then

minimize Z Yij (8a)
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JENK(1)
> (g, —g) = (1—x) = |V(H)| s VieV(H), (81)
JENK(1)
> gl <IV(H) |z Vie V(H), (85)
JENK(1)
S g <IVE)| (1) VieV(H), (8k)
JENK(1)
Yij > —T; + T Vij € E(H), (80)
xi,yij,5i7k€{0,1} VZEV(H),]{E{LQ},]ENH(Z),
(8p)
gi; >0 Vie V(H),ke{1,2},j € Nu(i). (8q)

Note that the indices 7 and k used in defining the MIP are not related to the variables j* and k*
introduced above to define the target seat-shares. The objective in (8a) minimizes the number of
cut-edges. Constraints (8b) ensure population balance in the smaller (or equal size) side, V;. Note
that constraints (8b) generalize the classical partition problem, which is NP-complete (Garey and
Johnson 1979). Furthermore, constraints (8b) also ensure population balance in the larger (or equal
size) side, V3, because the absolute population deviations in V; and V3 are equal in magnitude but
are divided by a and b > a to obtain the relative deviations. Constraints (8c) and (8d) ensure that
player d has at least v vote-share in V; and at least v} vote-share in V5. Constraints (8e)-(8k) are
flow-balance constraints that ensure that each piece is contiguous, adapted from Shirabe (2009).
Constraints (8e) ensure that each piece has a single unit serving as a sink for flow, and constraints

(8f)-(8g) ensure that a unit ¢ can serve as the sink of piece k only if ¢ is assigned to piece k.
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Constraints (8h)-(8i) ensure that for every unit ¢ assigned to piece k, the net piece-k-flow leaving
1 is at least 1 if ¢ is not chosen as sink; the net piece-k-flow leaving ¢ is unbounded if ¢ is chosen
as a sink. Constraints (8j)-(8k) ensure a unit 7 sends out flow in piece k only if i is assigned to k.
Constraints (81)-(80) define the cut-edge indicator y;; =z, @ x; for each ij € E(H) with respect to

the assignment variables. Constraints (8p)-(8q) characterize the binary and continuous variables.

4.2. Comparing Heuristic and Optimal Bisection on Small Grids

The bisection heuristic in Section 4.1 offers a practical, but not necessarily optimal, method for
each player to bisect in their round. This section explores the extent to which the heuristic differs
from optimal play on the small grid instances of Section 3.3. Table 3 reports the utilities from each
combination of voter distribution, first player, and number of districts (n =4 or n=6). A table
entry of “3D, 1T, 2R” indicates three wins for party D, one tie, and two wins for party R. The
instances with n =4 and n =6 districts require two and three rounds of bisection, respectively.

The heuristic utilities align with the optimal utilities for the DG setting (in Table 1) when a
6 x 6 grid is partitioned into n = 6 districts, assuming that ties are awarded to the first player.
Among the 6 x 6 grids, when n = 6, the heuristic utilities align with the optimal DG utilities in all
three grid instances; when n = 4, the optimal strategy awards the first player one extra district.
Furthermore, the heuristic utilities align with the utilities from the CN setting irrespective of n.
Among the 4 x 6 grids, the results are mixed; compared to the optimal DG utilities, the heuristic
yields one more district to the first player in 5 instances, one less district in 2 instances, and the
same seat-share in 5 instances.

The outcomes and optimal strategies differ substantially between the heuristic and optimal
bisection strategies. Hence real-world players would likely apply more sophisticated strategies,
incorporating political geography and feasibility issues, that achieve better results than the CN
threshold-based heuristic. Such strategies would require additional computational resources and
algorithmic development, and are therefore beyond the scope of this paper, but Section 6 addresses

possible directions.

Table 3 Utilities from applying the bisection heuristic on small grid instances.
. e n =4 Districts n = 6 Districts
Spatial Voter Distribution D first R first D first R first
CN setting | 2D, 2R 2R, 2D | 4D, 2R 4R, 2D
4%6_1m 1D, 2T, IR 1R, 2T, 1D | 1D, 4T, IR™ 2R, 2T, 2D
4x6_ns 2D, 2R* 2R, 2D* | 2D, 2T, 2R 2R, 2T, 2D
4%6_oc 4TM 4TM 1D, 4T, 1R 1R, 4T, 1DM
6x6_1m 2D, 2R* 2R, 2DF 4D, 2R 9R, 2T, 2D
6x6_ns 9D, 2R* 2R, 2D* | 2D, 2T, 2R 2R, 2T, 2D
6x6_oc 9D, 2R* 2R, 2D* | 2D, 2T, 2R 2R, 2T, 2D

Superscripts # and ¥ indicate one more or one less district is awarded to the first player compared
to the optimal DG utilities in Table 1, assuming that ties are awarded to the first player.
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Optimal and heuristic bisection strategies also differ in the computational time required to run
the protocol. The implicit enumeration technique takes 1-11 seconds for each of the 4 x 6 instances
and 49-8,379 seconds for each of the 6 x 6 instances. The bisection heuristic, on the other hand,
takes less than 1 second to solve each of the 24 small grid instances. As will be shown in Sections

4.4 and 4.5, the bisection heuristic can therefore complete the protocol for larger instances.

4.3. Discrete Geometric I-Cut-You-Freeze Heuristics

The heuristic strategies for ICYF in the DG setting are based on the optimal strategies presented
in Pegden et al. (2017) for ICYF in the CN setting. Algorithm 4 presents ICYF in the DG setting
with only the drawing step of Line 9 and the freezing step of Line 10 left undetermined. Note that
a heuristic implementation of ICYF requires both a freezing heuristic and a drawing heuristic,
whereas the heuristic implementation of the bisection protocol needs only a drawing heuristic. In
the CN setting, the optimal freezing strategy is to choose a district the freezing player wins by
the least margin; if no such district exists, the freezing player should choose a district in which
their opponent wins by the greatest margin (Pegden et al. 2017). Since the freezing strategy only
depends on victory margins, it can be directly applied in the DG setting.

Algorithm 4: I-cut-you-freeze protocol for partitioning a graph into a set D of n districts,
adapted from Pegden et al. (2017)

1 Algorithm IcYFPROTOCOL (graph G = (V, E), number of districts n € Z*)
2 D < RECURSIVEICYF (G, n, 1)

3 return D

'y

Procedure RECURSIVEICYF (subgraph H, number of districts m, player d € {1,2})
5 if m=1 then
| return {V(H)}

7 end
8 ¢<3—d // Other player index
9 {Vi}" | < player d partitions H into m population-balanced districts
10 1* < player ¢ chooses index of district to freeze
11 d<3—d // Players switch roles for next round
12 D < RECURSIVEICYF (H[V(H)\ V<], m—1, d)
13 return DU{V;«}

Similarly, the ICYF drawing strategy may be adapted from the CN setting. In the CN setting,
the drawing player should maximize the number of districts they win while maximally packing their

opponent’s voters in the districts they lose (Pegden et al. 2017). The DG setting inherently limits
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packing, but one may pursue the same objectives by formulating and solving a MIP. Applying

this drawing strategy for ICYF is a heuristic rather than an exact algorithm because it does not

attempt to look ahead to future rounds. The structure of the subgraph in later rounds, which is

partially determined by the drawing and freezing of the current round, may prevent partitions

that mirror the optimal strategies for ICYF in the CN setting. But among the class of restricted

heuristics that do not explore further down the game tree, this drawing heuristic for ICYF is a

reasonable approach that captures the essential packing and cracking tactics from the CN setting.

The ICYF MIP for the heuristic drawing strategy used by player d in Line 9 of Algorithm 4 is

constructed from the parameters H, m, and d of RECURSIVEICYF. Define ¢, Ny (i), and Hz as in
Section 4.1. The variables for the ICYF MIP are

the assignment indicators z; , = 1 if and only if i € V(H) is assigned to district k € [m],
the district winner indicators z; =1 if and only if player d wins district k € [m],
the opponent’s unit winner indicators w;; =1 if and only if i € V(H) is assigned to district
k € [m] and player ¢ wins district k,
the opponent’s winning vote-shares divided by m,
L . (player ¢ vote-share in district k) if player ¢ wins district k € [m]

. {1 otherwise,
the minimum of all the g values, ¢ = min{g : k€ [m]} (which is 1 if player d wins every
district),
the flows g; = amount of directional flow on edge (i, ) € ﬁ(H ) for district k € [m] (adapted
from Shirabe (2009)), and
the sink indicators §;, =1 if and only if i € V(H) is the sink for district k € [m] (adapted
from Shirabe (2009)).

In defining the winner indicators z, a tie is awarded to the drawing player. The flow and sink

variables enforce contiguity by directing at least one unit of flow from each unit in a district
to its district’s sink through other units in the district; see Shirabe (2009) for details. The MIP
ICYF(H,m,d) is then

maximize Z zr | +q (9a)
ke[m]
subject to Z i =1 Vie V(H), (9b)
ke[m]
(1-m)P< Y paip <(1+7)P Vke[m], (9¢)
i€V (H)
“M(1=2)< Y (vai—vei)win Yk E[m], (9d)

i€V (H)



Z (Vi —Vgi) ik < Mz Vk € [m], (9e)
i€V (H)
ik < Tig Vie V(H) ke [m], (91)
uiykgl—zk VZEV(H),kE[m], (gg)
Ui = Tik — 2k Vie V(H), ke [m], (9h)
1
gy = 21 + —= Z Vg, i Ui k Vk e [m], (91)
i€V (H)

q § dk \V/k‘ € [m]a (9J)
> Bu=1 Vk € [m], (9k)

i€V (H)
Bi,k § xi,k \V/Z € V(H)a k € [m]a (91)
> gk — b)) > min— [V(H)| Bix VieV(H),k€[m],  (9m)

JENE ()

> gb <IV(H) i Vie V(H), ke [m], (9n)

JENF(4)
Tiky 2k Wik, Bik € {0,1} Vie V(H), k€ [m], (90)
q, 4k € [Oa 1] \V/k‘ € [m]a (9p)
95, >0 Vi,j e V(H),ke[m].  (9q)

The objective in (9a) maximizes the number of districts won by player d with a secondary
objective of maximizing the minimum margin among the districts won by player ¢. The minimum
margin is scaled down by m to ensure ¢ is fractional, and therefore a secondary objective to the
integral sum of z; indicators, whenever player ¢ wins at least one district. These two objectives align
with those of the drawing player in the CN setting. Constraints (9b) assign each unit to exactly
one district. Constraints (9¢) ensure that each district population lies within the permissible range.
Constraints (9d)-(9e) relate the binary variables x and z for some M >max{0,>, , (va; — vgi)}-
Constraints (9f)-(9h) linearize the quadratic constraints given by u; , = x; (1 — 2;). When there is
a tie in district k, constraints (9f)-(9h) allow z; to be either 0 or 1. In this case, maximizing the
objective function in (9a) sets z; to be 1, awarding the district to the drawing player. Constraints
(91) use the vote counts and the u; ; indicator variables to define the victory margin for each district
that player ¢ wins, dividing by the total district population mP rather than the total number
of voters given by >y ) (Va; + vg,:)@ix in each district k € [m] to keep the constraints linear.
Dividing by mP rather than simply P prevents g, from exceeding 1 in the case when district k& has
population greater than P. Scaling victory margins down by a factor of m does not change their
ordering, so maximizing the minimum scaled-down victory margin is equivalent to maximizing

the minimum original victory margin. Constraints (9j) define the (scaled-down) minimum margin
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among the districts won by player ¢. Constraints (9k)-(9n) are flow-balance constraints that ensure
each district is contiguous, adapted from Shirabe (2009). Constraints (9k) ensure each district has
a single unit serving as a sink for flow, and constraints (91) ensure that unit ¢ can serve as the
sink of district £ only if i is assigned to district k. Constraints (9m) ensure that for every unit 4
assigned to district k, the net district-k-flow leaving ¢ is at least 1 if ¢ is not chosen as sink; the
net district-k-flow leaving ¢ is unbounded if 7 is chosen as a sink. Constraints (9n) ensure that unit
1 sends out district-k-flow only if ¢ is assigned to district k. Hence, if district k& is noncontiguous,
these constraints ensure that the flow from every unit assigned to k will not reach the sink of

district k. Constraints (90)-(9q) enforce the binary or continuous bounds on the variables.

4.4. Computational Results: Iowa Case Study

This section presents computational results for the application of the discrete protocol implemen-
tations from Sections 4.1 and 4.3 to the state of lowa. lowa has only four congressional districts
and requires that none of its 99 counties are split across districts, making it an ideal state for a
small-scale case study on a practical districting scenario. The vote counts for the two major par-
ties, Democratic (D) and Republican (R), are derived by averaging the 2016 and 2020 presidential
election results aggregated from voting precincts to each county (MIT Election Data and Science
Lab 2020). The county-level vote counts are then disaggregated to census tracts proportional to
their populations. Based on this dataset, the normalized vote-share for R in Iowa is 55%. Figure 8
categorizes the vote counts in each county, giving an overview of the political geography of lowa.
The population balance threshold 7 is set to 1%. All computations were performed on a 3.1 GHz
Intel Core i5-2400 CPU machine using a single core. The mixed integer programs were solved using

the IBM CPLEX Optimizer 12.10.

Figure 8 County-level party support based on 2016 and 2020 presidential elections in lowa

(a) County-level party support for D and R
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- R majority with < 10% margin
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The two redistricting protocols are each applied to Iowa twice: once for each player (D or R)

taking the first turn. Further, the two protocols are compared with respect to fairness metrics and
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computational times. Note the results presented in this section are obtained using the particular
implementation of the heuristics from Sections 4.1 and 4.3 for both players, and may not reflect
the (unknown) optimal play for the two protocols. See Appendix C for a detailed, round-by-round
breakdown of heuristic play in Iowa, including figures depicting the final district plans produced
for the four instances (each protocol with each player drawing first).

The geographical distribution of each party’s voters impacts the ability of each player to pack
and crack the opponent’s voters. In particular, Iowan D voters are generally clustered in a few
urban counties, and Iowan R voters are generally spread across rural counties. As evidence of this
clustering, D has a majority vote count in only 6 of the 99 counties in Iowa despite having 45%
normalized vote-share.

When both players use the heuristics of Sections 4.1 and 4.3, neither protocol exhibits a first-
player advantage, as evidenced by the seat-share results in Table 4. In fact, the bisection heuristic
yields a second-player advantage when D draws first, giving D a seat-share of only 0.25, half the
seat-share D receives when R draws first. ICYF yields the same seat-share regardless of who draws
first. The asymmetric political geography may partially explain the difference in outcomes between
the two protocols. Note that these observations are anecdotal to the Iowa instance and might not

generalize to districting instances in other states.

Table 4 District plans obtained from the bisection protocol, I-Cut-You-Freeze
protocol and lowa’s 115th congressional districts compared across three fairness
metrics.
. . Bisection [-Cut-You-Freeze
Fairness metric D first R first D frst R first 115th CD
Seat-share for D 0.25 0.5 0.5 0.5 0.25
SL Index 16.70% 0.88% 0.87%  0.87% 7.92%
Efficiency Gap 15.49% 9.57% 8.39%  9.24% 14.68%
Partisan Asymmetry  2.84% 2.27% 2.16%  0.20% 7.95%
Computational Time (s) 3 3 6,183 935 -

Table 4 also reports the three fairness metrics defined in Section 2.2—Sainte Lagué (SL) index,
efficiency gap, and partisan asymmetry—for the district plan produced from each protocol with
each player taking the first turn. The metrics for Iowa’s 115th congressional districts (115th CD),
used for 2017-2019, are also included. Recall that the SL index is a measure of disproportionality,
efficiency gap captures the difference in wasted votes between the two players, and (partisan)
asymmetry is the total area between the seats-votes curves of the two players. Hence, smaller values
of all three metrics indicate fairer districts. For the bisection protocol, the district plan obtained

when R goes first produces fairer districts (in all three metrics) than the plan when D goes first.
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For the ICYF protocol, the district plan obtained when D goes first has a slightly smaller efficiency
gap, although the district plan obtained when R goes first has a smaller partisan asymmetry.
The execution of the heuristic bisection protocol is drastically faster than that of the heuristic
ICYF protocol. The observed CPU time for dividing a region into two pieces, as in the bisection
protocol, is significantly lower than for dividing it into three or more pieces, as in the ICYF
protocol. Additionally, bisection involves [log,n]| rounds, whereas ICYF requires n — 1 rounds.
These computational advantages suggest the bisection heuristic may be more likely than the ICYF

heuristic to be tractable for larger redistricting instances.

4.5. Computational Results: Larger Instances

The Towa case study demonstrates the protocol heuristics can be efficiently applied to a practi-
cal instance and produce fairer district plans than Iowa’s 115th congressional districts. We now
examine the robustness and scalability of the bisection heuristic by applying it to 18 congressional
redistricting instances in U.S. states at the census-tract level. The smallest instance is Utah with
716 census tracts and 4 districts, and the largest is Missouri with 1,654 census tracts and 8 dis-
tricts. Among these states, six are D-leaning, that is, have a D voter majority. The most D-leaning
state is Maryland (65.6% D voters) and the most R-leaning state is Oklahoma (68.1% R voters).

The MIP-based heuristic bisection protocol is applied to each instance with 7 =1% and a one-
hour MIP solver time limit as in Section 4.4. The four-district states have two rounds of bisection,
and the others have three.

The bisection heuristic produces feasible district plans for all 18 states. Table 5 summarizes
key information for each instance, including the fairness metrics (SL index, efficiency gap, and
partisan asymmetry) of the final district plans obtained when D bisects first. Table 6 provides the
same information for when R bisects first. See Appendix C.3 for figures depicting the final district
plans resulting from all 36 bisection instances. In 12 states, the seat-share does not depend on
who bisects first. It is interesting to note that the bisection heuristic produces the same Oklahoma
district plan regardless of the first player. Furthermore, four states (Arkansas, Mississippi, Iowa
and South Carolina) give R a greater seat-share when D goes first, and two states (Alabama and
Wisconsin) give R a lower seat-share when R goes first. This suggests the bisection heuristic gives a
slight seat-share advantage to the second player by not allowing the first player to draw convoluted
districts that restrict future bisection strategies.

Political geography impacts the utilities that the heuristic awards to the players. For example,
all five districts in Connecticut (41.2% R voters) are won by D, regardless of who bisects first,
whereas all five districts of Oklahoma (68.2% R voters) are awarded to R. These differences are

due to the spatial distribution of voters across the states.
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The combined effects of the DG setting and the heuristic bisection strategies can be inferred by
comparing against the CN setting results. For each instance, the seat-share from the CN setting
with the same normalized vote-share and number of districts is reported in Tables 5 and 6 (column
10). Comparing R’s seat-share from the DG heuristic (column 6) to R’s seat-share from the CN
setting, it is clear that the DG setting gives R a greater advantage for these instances when the
players use the heuristic strategies presented in this study. When D draws first, compared to the
CN setting, the DG setting gives R a greater seat-share in 13 states, a lesser seat-share in four
states, and the same seat-share in one state. However, the results are mixed when R draws first;
compared to the CN setting, the DG setting gives R a greater seat-share in six states, a lesser
seat-share in five states, and the same seat-share in seven states. Overall, R benefits from the DG
setting, especially as the second player.

Tables 5 and 6 also report the total time spent executing Algorithm 1 for each instance. States
with more census tracts and districts tend to reach the 1 hour time limit more often than those
with fewer. Curiously, the CPU time is generally much lower when R draws first than when D
draws first. While the exact cause of this gap is unclear, the typical pattern of urban clusters of
Democrats and rural/suburban concentrations of Republicans may render the first round bisection

MIP easier when R draws first due to increased opportunities for packing and cracking.

Table 5 Bisection heuristic results when D draws the first round.

Number Number Normalized R CN CPU SL EG* PA

State of census of R seat-share R Time Index

tracts districts vote-share seat-share (s)

Utah 716 4 61.30% 75.00% 50.00% 615 7.90% 1.90% 4.80%
Nevada 778 4 48.70% 25.00% 50.00% 71 22.60% -18.80% 4.40%
Arkansas 823 4 64.30% 100.00%  75.00% 188 55.60% 21.50% 1.80%
Kansas 829 4 59.10% 75.00% 50.00% 288 10.40% 4.40% 3.00%
Mississippi 873 4 58.70% 100.00%  50.00% 3,7167  70.30% 32.60% 2.10%
Connecticut 883 5 41.20% 0.00% 40.00% 104 70.10% -32.50% 0.70%
Towa 895 4 54.70% 75.00% 50.00% 90 16.70% 15.60% 2.50%
Oregon 1,000 5 42.60% 20.00% 40.00% 257 20.90% -15.10% 3.40%
Oklahoma 1,205 5 68.10% 100.00%  60.00% 562 46.90% 13.90% 2.90%
Kentucky 1,305 6 64.40% 83.30% 66.70% 501 15.70% 3.50% 3.20%
South Carolina 1,321 7 56.60% 85.70% 42.90%  7,5917T 34.50% 23.00% 1.30%
Louisiana 1,384 6 59.80% 83.30% 66.70% 4,041  23.00% 14.30% 7.60%
Alabama 1,436 7 63.60% 71.40% 57.10% 10,1467 2.70% -5.30% 3.90%
Colorado 1,436 7 45.00% 42.90% 42.90% 10,921TTT 0.20% 3.50% 4.50%
Maryland 1,474 8 34.40% 25.00% 25.00% 1,067 3.90% 7.60% 8.80%
Minnesota 1,505 8 47.60% 50.00% 37.50%  7,2387T  0.20% 3.70% 1.70%
Wisconsin 1,541 8 50.00% 50.00% 25.00%  7,610TT  0.00% 1.20% 5.60%
Missouri 1,654 8 60.60% 75.00% 50.00%  9,583TT 8.60% 1.10% 8.50%

The bisection protocol with the MIP-based heuristic (Section 4.1) is applied to U.S. states with 4 to 8 congressional districts
at the census tract level. Abbreviations include SL for Sainte-Lagué, EG for efficiency gap, PA for partisan asymmetry, and
CN for the continuous non-geometric setting. *Positive efficiency gap is in favor of R; negative is in favor of D. Superscripts

T TT and TT7T indicate one, two, or three iterations of the MIP solver reached the one-hour time limit.
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Table 6 Bisection heuristic results when R draws the first round.
Number Number Normalized R CN CPU SL EG* PA
State of census of R seat-share R Time Index
tracts districts vote-share seat-share  (s)
Utah 716 4 61.30% 75.00%  50.00% 72 7.90% 2.10% 11.40%
Nevada 778 4 48.70% 25.00%  50.00% 51 22.60% -18.80% 4.30%
Arkansas 823 4 64.30% 75.00%  75.00% 335  5.00% -5.00% 6.00%
Kansas 829 4 59.10% 75.00%  50.00% 76 10.40% 2.50% 5.90%
Mississippi 873 4 58.70% 50.00%  50.00% 639  3.10% -19.10% 2.20%
Connecticut 883 5 41.20% 0.00% 40.00% 87  70.10% -32.50% 0.70%
Towa 895 4 54.70% 50.00%  50.00% 81 0.90% -9.10% 3.40%
Oregon 1,000 5 42.60% 20.00%  40.00% 136 20.90% -15.10% 3.40%
Oklahoma 1,205 5 68.10% 100.00%  80.00% 350  46.90% 13.90% 2.90%
Kentucky 1,305 6 64.40% 83.30%  66.70% 333  15.70% 3.40% 3.00%
South Carolina 1,321 7 56.60% 57.10%  57.10% 460  0.00% -6.50% 2.30%
Louisiana 1,384 6 59.80% 83.30%  66.70% 398  23.00% 14.30% 7.50%
Alabama 1,436 7 63.60% 85.70%  71.40% 9,73077T 21.10% 8.90% 2.70%
Colorado 1,436 7 45.00% 42.90%  57.10% 868  0.20% 1.50% 2.90%
Maryland 1,474 8 34.40% 25.00%  37.50% 1,267 3.90% 7.80% 7.20%
Minnesota 1,505 8 47.60% 50.00%  50.00% 3.,8437 0.20% 3.90% 2.10%
Wisconsin 1,541 8 50.00% 75.00%  75.00% 671  25.00% 25.00% 9.70%
Missouri 1,654 8 60.60% 75.00%  75.00% 8,090TT 8.60% 1.00% 6.70%

The bisection protocol with the MIP-based heuristic (Section 4.1) is applied to U.S. states with 4 to 8 congressional districts
at the census tract level. Abbreviations include SL for Sainte-Lagué, EG for efficiency gap, PA for partisan asymmetry, and
CN for the continuous non-geometric setting. *Positive efficiency gap is in favor of R; negative is in favor of D. Superscripts

T TT and TT7T indicate one, two, or three iterations of the MIP solver reached the one-hour time limit.

5. Limitations
Limitations of this study include both computational hindrances in the experiments and philo-
sophical drawbacks of fair division-inspired redistricting protocols.

One technical limitation is the computational effort required to apply the MIP-based bisection
protocol heuristic to real-world redistricting instances. In particular, when CPLEX solves the for-
mulations, the weak relaxation bounds result in long computation times for large problem instances.
Hence the experiments of Section 4.5 only cover states with 4 to 8 districts (i.e., 2 to 3 rounds
of bisection), preventing this heuristic from being applied to—and drawing insights for—larger
instances at the scale typically found in congressional and state legislative redistricting.

Another limitation is the observed gap between heuristic and optimal play in the DG setting, not
only in strategy but also in outcome. Applying CN-based strategies in the DG setting overlooks the
crucial effects of political geography and piece shapes. While the CN-based strategies hinder the
opponent by packing and cracking their votes, optimal DG setting strategies likely involve trapping
the opponent into drawing unfavorable districts by severely restricting the feasible strategy space
in later rounds. Due to the computational difficulty of incorporating future-round effects into
DG strategy selection, we leave refinement of DG heuristics as future work, with some possible

directions mentioned in Section 6.
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On the philosophical side, the bisection protocol and similar fair division-inspired redistricting
methods may perpetuate politicians picking their voters (since the parties are the players in each
protocol), albeit in a more bipartisan manner, instead of voters picking their politicians. Further
work is needed to explore possible negative side effects, such as incentivizing incumbent gerry-
mandering. Another is the difficulty of enforcing compliance with the Voting Rights Act (VRA):
neither bisection nor ICYF guarantees the formation of majority-minority districts. Any required
majority-minority districts could be drawn in advance before applying either protocol to the rest

of the state, but doing so reintroduces reliance on a neutral third party.

6. Conclusions

This paper presents a bisection protocol for political redistricting in which two players alternately
bisect pieces of the state until each piece is a district. This paper also extends the analysis of the
I-cut-you-freeze (ICYF) protocol proposed by Pegden et al. (2017), evaluating its fairness with
respect to common fairness measures from the political science literature. The simplicity of the
bisection and ICYF protocols renders them accessible to legislators, judges, and citizens alike.
Allowing both major parties to contribute to the final district plan may reduce accusations of
excessive partisan gerrymandering.

Assessing the protocols in both a relaxed, continuous nongeometric (CN) setting and the more
realistic discrete geometric (DG) setting, we find both bisection and ICYF achieve reasonable
values for proportionality, efficiency gap, and partisan asymmetry. Furthermore, comparing the
protocols’ utility curves against that of the one-player-draws protocol, the current status quo in 33
states, reveals both bisection and ICYF greatly reduce the first-player advantage. A case study of
Towa congressional redistricting further supports this conclusion. Bisection tends to produce more
proportional district plans, and ICYF leads to lower-magnitude efficiency gaps.

Implicit enumeration of the bisection protocol game tree for small grid instances reveals some
voter distributions give one party a greater first-player advantage. For census tract-level redis-
tricting in states with 4 to 8 districts, we apply a mixed-integer programming heuristic bisection
strategy. The heuristic generates feasible district plans, and results suggest political geography
greatly influences protocol outcomes.

Future work could refine the bisection heuristic for the DG setting (e.g., by strengthening the
MIP formulation with valid inequalities) and compare against randomized play as a baseline.
Comparing the outcome distribution from randomized play to the heuristic outcomes could help
quantify the quality of the heuristic. The details of randomized play would require thoughtful
development, especially to handle cases when early-round bisections lead to infeasible subproblems.

But an approach based on balanced cuts of random spanning trees, currently successful in the



34

Recombination Markov chains for redistricting (DeFord et al. 2021b), offers a reasonable starting
point for randomized bisection.

This study also generates several open problems. The bisection and ICYF analyses assume players
consider all wins equal; how would protocol outcomes shift, in both the CN and DG settings, if
players valued 60%—40% landslide victories more than 51%-49% races? How robust are protocol
outcomes to small perturbations in unit vote-shares? Answering such questions will help determine

whether bisection and ICYF align with real-world goals and preferences for redistricting reform.
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